We calculate the one-loop neutrino self-energy in a magnetized plasma to all orders in the magnetic field. The calculation is done in a general gauge. We obtain the dispersion relation and effective potential for neutrinos in a CP -symmetric plasma under various conditions, and show that, while the self-energy depends on the gauge parameter ξ, the dispersion relation and effective potential to leading order are independent of it.
I. INTRODUCTION
The properties of neutrinos that propagate through a magnetized medium differ significantly from those in vacuum: the vacuum energy-momentum dispersion relation is not valid in a magnetized medium, the neutrino index of refraction becomes anisotropic and so does the effective potential.
In the present work we wish to investigate the self-energy and thermal dispersion relation for neutrinos in a medium with magnetic field.
The dispersion of neutrinos in a medium has been widely investigated in the literature: in the presence of a CP -asymmetric background the thermal self-energy is proportional to the particle-antiparticle asymmetry and is manifestly gauge independent at leading order, and the same is true for the leading correction to the vacuum dispersion relation. The situation is different in a CP -symmetric medium, where the next order term must be considered, since the particle-antiparticle asymmetry vanishes, and it occurs that to this order the thermal self-energy depends on the gauge parameter, while the dispersion relation is still gauge invariant, as shown by D' Olivo et al. [1] .
The vacuum dispersion relation in the presence of a constant magnetic field has also been studied [2] , and both the self-energy and dispersion relation are gauge independent to leading order.
The neutrino dispersion relation in a magnetized medium at finite temperature has been calculated before, for CP -asymmetric and CP -symmetric background, but in all these papers [3] [4] [5] the calculations are carried out in a particular gauge and therefore it is not possible to investigate the gauge dependence of the results.
In this paper we do a detailed calculation of the exact neutrino self-energy in a magnetized background, the calculation is carried out in an arbitrary gauge ξ and we use the real time method of finite temperature field theory. Next we consider a CP -symmetric plasma and show that, although the self-energy depends on the gauge parameter, the dispersion relation and effective potential are independent of ξ up to leading order terms.
In Sec. II we calculate the thermal self-energy to all orders in the magnetic field in an arbitrary gauge. In Sec. III we calculate the thermal self-energy in arbitrary gauge in a CP -symmetric magnetized medium. First we consider a temperature T much smaller than the mass M of the W -boson and we show explicitly that the dispersion relation and the effective potential do not depend on the gauge parameter up to terms of order (g 2 /M 4 ). Then we calculate the self-energy for T ∼ M and show that also in this case the dispersion relation is independent of the gauge parameter to leading order. In Sec. IV we draw our conclusions.
II. THERMAL SELF-ENERGY IN A CONSTANT MAGNETIC FIELD IN THE ξ-GAUGE
In this section we calculate the real part of the neutrino thermal self-energy in a magnetized medium using the exact fermion, scalar and gauge boson propagators in a constant magnetic field in an arbitrary gauge ξ. We take the magnetic field pointing along the positive z-direction and indicate with B its magnitude, therefore the only non-vanishing components of the electromagnetic field strength tensor F µν are [2] and charged scalar ∆ 0 (x ′ , x ′′ ) [2, 7] vacuum propagators in a constant magnetic field are obtained using Schwinger's proper time method
where the translationally invariant parts of the propagators are
We have used the subscript 0 on the three propagators to indicate that these are still the vacuum propagators, −e and m are the charge and mass of the electron, M the W -mass, ξ the gauge parameter,
, and the metric we use is g µν = diag(−1, +1, +1, +1). We choose the electromagnetic vector potential to be
F µν x ν and therefore the phase factor in Eqs. (2.1), (2.2), and (2.3) is [7] φ(x ′ , x ′′ ) = exp ie
because the integral is independent of the choice of integration path. The expressions for the real-time thermal propagators in a magnetized medium are easily obtained using the vacuum propagators [4, 8] . The electron thermal propagator is
and the scalar propagator is
where the fermion and boson occupation numbers are
and
T is the temperature of the medium and µ the fermion chemical potential.
In the remainder of this paper we focus our attention on electron-type neutrinos, the generalization to µ and τ -neutrino is straightforward. In order to calculate the one-loop electron neutrino self-energy in a magnetized medium, one needs to consider three Feynman diagrams, the tadpole Σ tad , the bubble diagram with a W boson Σ bos (x ′ , x ′′ ), and the bubble diagram with a scalar Σ scal (x ′ , x ′′ ), the first one gives only a local contribution to the selfenergy, while the last two give non-local contributions. They are shown in Fig. 1 . We are only interested in the real part of the self-energy, and in this case it is sufficient to calculate only the 1-1 element of the self-energy in the real-time formalism of finite temperature field theory and then take its real part. The tadpole diagram does not depend on the gauge parameter ξ because the Z boson does not carry any momentum, and so we use the result from the literature [4] . In the case of an electron-rich medium
where
The net number density of electrons in a magnetic field appears in Eq. (2.15) and is defined as [4] 
where n is the orbital quantum number, λ the spin quantum number and the energies of the Landau levels are given by
The net number density in the lowest Landau level also appears in Eq. (2.15) and is given by
Now we proceed to calculate the two bubble diagrams in an arbitrary gauge. The two propagators in the loop belong to oppositely charged particles, and therefore the phase factors φ(x ′ , x ′′ ) cancel out, giving a result which is translationally invariant
where i = bos , scal . We can write The W -boson contribution is known in the ξ = 1 gauge, and therefore we only need to calculate Σ bos (p, ξ) − Σ bos (p, ξ = 1) which is the difference between the thermal part of the bubble diagram in the ξ-gauge and the thermal part in the ξ = 1 gauge. We have
cos eBs
where q = p − k, and we use the notation
and the same forq. After some γ-algebra, integration over the k-variable, and change of the t and s variables, we obtain
and z = eBs. The two Eqs. (2.25) and (2.26) yield the exact non-local thermal self-energy of a neutrino, for arbitrary magnetic field, temperature (as long as it is below the critical temperature of the SU(2) × U(1) model), density, neutrino four momentum, and gauge parameter. This is one of the main results of this paper.
III. CP -SYMMETRIC MEDIUM
In a medium that is CP -symmetric, with a magnetic field B ≪ M 2 /e and at a temperature T ≪ M, the tadpole diagram vanishes, the scalar diagram and the contribution of thermal bosons are negligible and only the bubble diagram with a W and thermal electron contributes to the self-energy. Under these conditions we write Σ
notice that, in order to obtain Eq. (3.1), we use an expansion of Eq. (2.5 for the Wpropagator in powers of the energy-momentum transfer q and the magnetic field B,
After the s-integration and suitable change of variable, we find
where E n,λ,kz are the energies of the Landau levels of thermal electrons given in Eq. (2.18) and E 0,λ,kz is the energy of the lowest Landau level. Using a manifestly covariant notation we write Σ
where u µ is the four velocity of the medium ( u = −γ 0 in the reference frame of the medium), and
where the neutrino four momentum is p µ = (E, p) andB is a unit vector in the direction of the magnetic field. Now we can write the neutrino self-energy in arbitrary gauge as
where a 0 and b 0 represent the contribution of the bubble diagram with Z-boson and neutrino in the loop, which is independent of the magnetic field and of the gauge parameter up to order 1/M 4 Z , and a ξ , b ξ , c ξ are easily obtained from Eq.
The dispersion relation for neutrino in a CP -symmetric medium with magnetic field is obtained by setting
which gives
Using a relationship between the b ξ and c ξ coefficients
and neglecting terms that are proportional to g 4 , Eq. (3.13) becomes
and, after taking the square root, we obtain
finally, dividing by (1+a+a 0 +a ξ ) and neglecting terms of order g 4 , we obtain the dispersion relation
wherep is a unit vector in the direction of the neutrino momentum. This dispersion relation is the same that was obtained in Ref. [5] and does not depend on either a ξ , b ξ or c ξ and thus is independent of the gauge parameter up to terms of order (g 2 /M 4 ). Therefore the lack of terms containing a, a 0 and a ξ in the dispersion relation tells us that any term in the thermal self-energy that is proportional to p will not contribute to the dispersion relation. The relationship of Eq. (3.14) between the b ξ and c ξ terms, which in turn leads to a cancellation of the two terms in the dispersion relation, is due to the fact that both terms come from the σ 3 p term of the thermal self-energy, and therefore any term in the self-energy that is proportional to σ 3 p will not contribute to the dispersion relation to leading order. We would like to stress the fact this result is general, since the only assumption on the a, b and c terms of eq. (3.8) is that they all contribute to leading order to the self-energy.
The effective potential for neutrinos in a CP -symmetric plasma with magnetic field is easily obtained from the dispersion relation of Eq. (3.17)
and does not depend on ξ.
Next we consider the case of a magnetized CP -symmetric medium at higher temperature, where the contribution of thermal bosons to the self energy is relevant. The magnetic field is still B ≪ M 2 /e. In this case, we obtain the following expressions for Σ 
where Σ F bos (p, ξ= 1) and Σ F bos (p, ξ= 1) have been calculated in Ref. [5] , (3.22) and the term +(Ω k → −Ω k ) inside the braces in Eq. (3.19) means that we need to take whatever expression is contained in the braces, change Ω k into −Ω k , then add this to the original expression. The same meaning have M 2 → ξM 2 and ω k → −ω k that appear later. Notice that while M 2 does not appear explicitly in Eq. (3.19), it is contained inside Ω k , and thus the partial derivative is meaningful. The same is true for the derivative with respect to m 2 in Eq. (3.20) . After working on the algebra of the gamma matrices, using the following identities
and integrating over the parameter s, we obtain
where we neglected terms that are proportional to the square of the neutrino four momentum p 2 µ , and we define
When the temperature is such that thermal boson contributions become important, the electron mass can certainly be neglected, and therefore we can ignore terms in Eqs. (3.25) and (3.26) that are proportional to m 2 . All the terms that are left in the thermal self-energy are now proportional to either p or σ 3 p and therefore, as we showed earlier in this section, they do not contribute to leading order to the dispersion relation, which is independent of the gauge parameter.
IV. CONCLUSIONS
We have studied the dispersion of massless Dirac neutrinos in a magnetized plasma. We computed the real part of the neutrino self-energy in a magnetized medium in an arbitrary gauge. Our result is exact to all orders in the magnetic field, and valid for all temperatures below the critical temperature of the electroweak model and all values of electron density. Then we consider a charge-symmetric plasma at temperature T ≪ M and obtain the g 2 /M 4 term of the self-energy in arbitrary gauge to all orders in the magnetic field. We proceed to compute the dispersion relation under this conditions and show that, while the self energy depends on ξ, the dispersion relation is independent of the gauge parameter to leading order. We use the dispersion relation to calculate the effective potential for neutrinos in a chargesymmetric magnetized medium at temperature T ≪ M. These matter conditions might occur in the core of a supernova or in the early Universe, and therefore it is important to understand the propagation of neutrinos in such environment. Last we consider the case of a CP -symmetric medium at very high temperature (T ∼ M), we obtain the self-energy and the dispersion relation, which is shown to be independent of ξ.
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